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We reobtain the Kondo-Doublet interaction by means of the Brillouin-Wigner Perturbation the- 
ory. By applying the same method to the single impurity case we show that the Kondo-Doublet 
interaction is a direct consequence of the Kondo screening cloud. We fully confirm our previous 
results on this novel interaction. In particular, we found that for values of the system parame- 
ters typical of semiconductor Quantum Dots heterostructures, the ferromagnetic Kondo-Doublet 
interaction dominates over the RKKY one. 
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INTRODUCTION 

The hybridization between a localized electron and 
itinerant electrons of a Fermi sea leads to the Kondo 
effect fl. The itinerant electrons not only screen an im- 
purity spin, leading to the Kondo effect, but also give rise 
to the Ruderman-Kittel-Kasuya-Yosida (RKKY) interac- 
tion between localized 

spins0|(p.36O)0,Ql- 

The interplay 

between the Kondo screening and the RKKY interaction 
remains at the focus of the investigation of strongly cor- 
related electron systems and may play an important role 
in the heavy fermion metals[5|- Moreover ,the possibility 
to use Kondo circuits (made of adatomsp or quantum 
dotsQ) as quantum computers [1] makes the understand- 
ing of the interaction between "magnetic impurities" a 
priority. 

The competition between Kondo screening and the 
RKKY is depicted by the well-known Doniach's phase 
diagram [9]. It is drawing by comparing the single- 
impurity Kondo energy, Sk oc exp[— \/2p Q J] , with the 
RKKY interaction (oc p J 2 ). Here, p is the density of 
states of the conduction electrons at the Fermi level (Ep), 
and J is the effective Kondo coupling. Based on the 
single-impurity Kondo results [H, it is generally believed 
that the Kondo effect screens the impurities spin whereas 
that the RKKY give rise to magnetic structures. One 
thing does not fit in the above picture: the extent (£k) 
of the Kondo screening cloud. This length (~ \ f E f /5k) 
is much larger than the Fermi wavelength, Xp, which is 
the typical range of the RKKY interaction. Thus, coop- 
erative Kondo effects should appear well in advance of 
the RKKY effects [a, [l(| • Failure to discern those effects 
has lead to question the existence of the Kondo cloud fioj] . 

The Kondo-Doublet interaction [ll| fills the holes in the 
picture above. It shows that a cooperative Kondo effect 
effectively takes place between pairs of magnetic impuri- 
ties, and that, while screening the total spin, it generates 
a strong ferromagnetic correlation between the localized 
spins. 

Here we reobtain the Kondo-Doublet (KD) interac- 



tion by means of the Brillouin-Wigner (BW) perturba- 
tive method[T2|(p-53), and, by comparing the electron 
process in it with that in the single impurity screening 
cloud, we show that the KD interaction is a direct con- 
sequence of the Kondo screening cloud. We also intro- 
duce the updated 1-dim Doniach phase diagram, which 
is relevant for technological applications and we dis- 
cuss briefly the conceptual differences between BW and 
Rayleigh-Schrodinger perturbation theories. 

HAMILTONIAN AND BW THEORY 

The Anderson Hamiltonian is given by the sum of 
the metal host, magnetic impurities, and hybridization 
terms, 

H = J] e k c\ a c krT -E d J2 d] a d 3a + n il n j\ 

ka jci j 

+ v ^(e ik -^4 ff c fcCT + h.c. ) , (1) 

j ka 

where the fermion operators c ka (dj a ) correspond to the 
metal band states (the impurity at Rj). Single state 
energies e k , —Ed are measured from the Fermi level, and 
v = V/y/N is the c-d hybridization divided by the square 
root of the number of band states. In the Kondo limit 
the impurity level is well below the Fermi energy and 
the Coulomb repulsion U at the impurity is strong. The 
hybridization makes each impurity to resonate between 
its possible populations, d 2 d 1 £5 d°, while generating 
excitations in the band. We analyze in the following the 
E d 2 > E d o > E d i case, i.e. -2E d + U > > -E d , 
therefore we retain only the d 1 ^ d° hybridization chan- 
nel. The Fermi sea \F) is taken as the vacuum and we 
make an electron-hole transformation for band states be- 
low the Fermi level, bt = c k s for |fc| < kp. Note that 
the energy of a hole excitation is explicitly positive. 

We consider here the Two Impurity Anderson (TIA) 
case, one impurity placed at —R/2 and the other at R/2, 



2 



over the cc-axis. We use a "ket" notation for the impu- 
rity configurations: the first symbol in the ket indicates 
the left impurity status (the one at x = —R/2) and the 
second one the status of the impurity on the right, e.g. 

|o,T)^4 T l F >> \lA)^dl/ m \F). 

To analyze the system we use Brillouin-Wigner per- 
turbation theory (Ziman[l2|,p.53). At first order, for a 
given initial state \i/jo), of energy E , BW theory gives the 
following expressions for the corrected energy and wave 
function, 



E 



E-E a 1 



v a0 



E — E„ 



(2) 
(3) 



where \ip a ) are the states obtained via the application 
of the non-diagonal terms of the Hamiltonian to the ini- 
tial state, E a their energy, and V a o = {i> a \Hv\ipo) the 
corresponding matrix element. 



KONDO-DOUBLET INTERACTION 

To obtain the Kondo-Doublet interaction we apply BW 
perturbation theory to the S — 1/2 subspace of the TIA 
system. For the spin-up odd subspace we take 



V2 



d h , F)= |o,T)-|T,o) 



V2 



of energy E n — —E^, and the following ip a 's 



bh IU) 



T,T> 



(4) 



(5) 



all of them of energy E a = —2Ed + e k . They correspond 
to the promotion of one electron from below Ep , via the 
action of the hybridization term, to the impurity that 
is empty in l^o)- Note that the b\. J |, T) configuration 
is obtained from either of the components of the |V>o) 
state, we will see that the ensuing interference generates 
the Kondo-Doublet interaction. Their V a o elements are 
given by 



= -ik.R/2 



ik.R/2 



-ik.R/2 



ik.R/2 



) , (6) 



times v/y/2, respectively. Application of BW Eq.f2|) thus 
gives 

E - {-2E d + e k ) 

where the sum is over the hole states (|fc| < &f). Assum- 
ing E = —2E d — 5 (R), and using 2 cos 2 (x/2) = 1 + cosx, 
Eq.fJT]) transforms to 

F + H(m - V2 V 2 + cos (k.R) 



From this equation, with the usual half-filled flat-band 
assumptions, the correlation energy of the odd Kondo- 
Doublet is obtained 



S o{e) (R)=D exp(-l/(2±C h (R))J n ) 



(9) 



where J„ = poV 2 /Ed is the effective Kondo coupling 
times the density of band states, D is the half-band width 
and Ch(R) is the ZioZe-coherence factor, which is given by 



C h (R) = J2 



cos (k.R) 

S Q (R) + e k 



i 



S {R) + e k 



(10) 



and it is, as a function of i?, an oscillating decaying func- 
tion ( \C h (R)\< _L of period ~ X F , and C h (0) = 1, 
Ch(oo) = 0) [ill Ha ]. Its range determines the range 
of the Kondo-doublet interaction, i.e. how close the 
impurities must be in order to significatively interact 
through this mechanism. See that for R = we have 
S o (0) — D exp (— 1/(3 J„)) S> 5k- The minus sign in 
Eq.© corresponds to the even Kondo-Doublet correla- 
tion energy 8 e , which is the dominant one for the regions 
in which C h {R) < 0. 

BW Eq.Q for the wave function gives 



\D. 



<■>]/ 



|o,T)-|T,o) 



V2 

, / --ik.R/2 



71 4- sjkj 



IT, I) 



3 +ik.R/2 b 



3 +jk.R/2 



kl li)T) 

T,T>) , (ii) 



i.e. the result of the variational ansatz used in Ref. [Ill] - 
Thus Brillouin-Wigner perturbation theory fully con- 
firms our previous findings on the ferromagnetic Kondo- 
Doublet interaction. 

To unveil the physics behind the Kondo-Doublet inter- 
action we apply now BW theory to the single impurity 
Anderson model [l|. If only the impurity at Rl = —R/2 is 
present, one takes ipo = \F) an d ip' a s equal to &L | !, — ), 

and 6L | f , — ), were the — symbol at the right in the ket 
indicates that the impurity at +R/2 is absent. Their V a o 
elements are all equal to v e + jk - R / 2 . Thus, application 
of BW theory to this singlet gives 



E s 



N ^ 



Ec 



(-E d + e k ) ' 



(12) 



which upon assuming Es = —Ed — Sk, gives the Kondo 
correlation energy 5k = D exp (— l/(2J n )). For the sin- 
glet wave function one obtains 

\S L ) = \F)+J2 Z k (4 T U'-) + 4|lT,-)) , (13) 



were Z k = v e + ik - K -/ 2 /{5 K + efe ), i.e 
Varmat-Yafet (VY) Kondo singlet 14, 
impurity at —R/2 instead of at the origin. Comparing 



the well-known 
191 , but for an 
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the VY singlet with our KD ansatz is easy to see that 
the latter can be written as 

\ n ol) = ^= , (14) 

taken that \a, -) ® = |cr, cr') and |F) (g) | — , cr') = 

In fact, for each single impurity one can define Kondo 
hole orbitals [l3|, localized around the impurity, 



-, — ik.R,, 



n<5 k ^ + 6fe 



feer ! 



(15) 



where ng ~ J/25 ^> 1. The corresponding VY singlets 

are thus given by | Sj) = \F) + ^ ( K ]Al +K }l d ]d l F >- 
It cost kinetic energy to form these orbitals. All the 
energy gain, the Kondo energy plus the cost of the or- 
bitals, comes from the resonance between the orbitals, 
which use the Fermi sea configuration as a nearly virtual 
bridge. This resonance of a hole between the spin-up 
and spin-down Kondo orbitals screens the impurity spin. 
Localization of these orbitals (~ £k) is ruled by the 5 
(= 5k or 8 , S e ) term in the denominator of the ampli- 
tudes, Eq. (fT5)) . The /io/e-coherence factor Ch(R) of the 
KD interaction, Eq. lfTO]) . is proportional to the ampli- 
tude of the Kondo orbital of one impurity evaluated at 
the other one, thus confirming that the KD interaction is 
produced directly by the resonance of the Kondo cloud 
at both impurities, Eq. (fl4"l) . 

BW theory can also be applied to the | f, J.) ± | J., f) 
states [ll|. Following it to second order in the wave func- 
tion, one obtains the RKKY result: the plus combination 
gains an energy S(i?), and the minus combination losses 
the same amount. They are the S z = component of 
the ferromagnetic triplet, and the S = antiferromag- 
netic singlet, respectively. Twice S(i?) is the RKKY 
interaction energy. Therefore, for these states BW re- 
sult coincide with that of standard Rayleigh-Schrodingcr 
(RS) power expansion perturbation theory. But with 
an important difference: in the RS scheme the weight 
in the wave function of the intermediate configurations 
frj^c^lT,!) diverges due to the (E ~E 2 ) = ~{e k + e q ) de- 
nominator that appears in them, whereas for the BW the- 
ory that denominator remains finite because it changes 
to (E — E-i). The RKKY interaction is generated by 
the exchange of b\ a <$ qcs pairs between the impurities, 
i.e. the interference between the effects of the Fridel 
oscillations [H, H3, EH generated by one of them in the 
other one. 

One of the main topics in magnetic impurities is the 
RKKY-Kondo interplay, as depicted in Doniach's phase 
diagram 0, [l£|. Such phase diagram was tradition- 
ally drawn by comparing the two impurity RKKY inter- 
action with the single-impurity Kondo energy. But the 
Kondo-Doublet interaction analysis shows that Kondo- 
like structures involving two impurities have a stronger 



correlation energy than the single impurity case. There- 
fore, a proper Doniach's phase diagram must drawn by 
comparing the RKKY, which is mediated by the Fridel 
oscillations, with the KD interaction, which is directly 
mediated by the Kondo cloud. 
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FIG. 1: dim-1 Doniach's phase diagram. The Kondo-Doublet 
interaction is stronger that the RKKY one in the upper region 
of the parameter space, which corresponds to values of J n 
typical of semiconductors Quantum Dots. The KD is always 
ferromagnetic (in both odd and even phases), whereas that 
the RKKY alternates between odd-ferromagnetic (FM) and 
even-antiferromagnetic (AF) phases. 

In Fig[T] we plot such phase diagram for the dimen- 
sion 1 case, which is relevant for many technological 
applications [8]. It can be seen in Fig Q] that for J n > 
0.085, which corresponds to S K ~ 0.0028 D, the KD 
is always stronger than the RKKY. The main differ- 
ences between both interactions are apparent in the fig- 
ure: the KD "oscillates" with a period UfR, instead of 
2kpR, and , as a function of the distance between the 
impurities, it decays slowly than the RKKY. Precisely 
this behavior has been reported in a recent numerical 
study of two Anderson impurities embedded in a linear 
chainQ. Together with a quickly decaying 2UfR oscil- 
lation of the correlations, due to the RKKY (as quoted 
by the authors [1]) and the superexchange (not quoted), 
they also found a slowly decaying fc^i? modulation, as 
predicted by the KD interaction. 



CONCLUDING REMARKS 

Summarizing, we reobtain the Kondo Doublet inter- 
action using Brillouin-Wigner perturbation theory, fully 
confirming our previous results. By applying the same 
method to the single impurity case we show that the KD 
interaction results from the resonance of the Kondo cloud 



4 



of one impurity at the other one. This is a clearly distinct 
mechanism than that of the RKKY interaction, which de- 
pends on the Fridel oscillations, i.e. the interchange of 
an e-h pair between the impurities. 

At this point is worth to point out the differences be- 
tween Brillouin-Wigner and Rayleigh-Schrodinger per- 
turbation theories. RS theory relays in the assump- 
tion that the analyzed quantities can be expanded as a 
power series of a given parameter. That approach works 
fine with the RKKY interaction, but fails when dealing 
with Kondo-like structures, which can not be power se- 
ries expanded ( p . 1 55 ) [20(| . BW theory, instead, makes 
no previous assumption on the system. BW theory, o 
more precisely the refined BW theory by Goldhammer 



and Feenberg[21l.l22l]. can be seen as an expansion in the 
number of degree of freedom allowed to the system. But 
no restriction is applied about how the system uses that 
degree of freedom[12j](p.56)[23j]. 

Just one degree of freedom is enough to generate the 
KD interaction: the possibility of a hole to resonate be- 
tween the impurities (Eqs.(|4l fTTj) ). This is the very same 
degree of freedom that screens the impurity spin in the 
single impurity case (Eqs.([T2][T3])). Note also that this 
interaction can be easily generalized to the many impu- 
rity case, with the band excitation resonating between all 
the impurities (an extended Kondo state), making thus 
a direct connection with the heavy fcrmions problem. 

Therefore, the main result of this study is that the 
Kondo cloud exits [HI EH, Ell, an d that it has a very 
strong physical consequence: the Kondo-Doublet inter- 
action. 
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